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Summary
� We use stochastic differential equations (SDE) to model 

population growth in a randomly varying environment. 
� We start with models based on classical deterministic 

models, such as the logistic or the Gompertz model, taken 
as approximate models of the "true" (usually unknown) 
average growth rate. 

� Can we trust predictions based on the classical (simpler 
but approximate) models within a certain degree of 
accuracy?

� We study the effect of the gap between the approximate 
and the "true" model, on model predictions, particularly on 
asymptotic behavior and mean and variance of the 
population time to extinction. 
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Deterministic growth models

))((
)(

)(
tXf

dt
tdX

tX
=1

known is)( 00 >= xX

where 

X(t)  population size at time t

f (x)  (per capita) growth rate when X=x (defined for z>0)

Classical approximate models Logistic f(x) = r (1 - x/K)

Gompertz f(x) = r  ln (K/x)

r >0    “intrinsic” growth rate
K>0   carrying capacity of the environment 
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Effect of environmental random fluctuations

ε(t) standard white noise                                      Wiener process

σ>0 noise intensity parameter

SDE approximate models: Autonomous stochastic differential equation (SDE)

or

with Logistic f(x) = r (1 - x/K)

or Gompertz f(x) = r  ln (K/x)

SDE “true” models

Randomly fluctuating environment
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with       f(x) = r (1 - x/K) + α(x)
or          f(x) = r  ln (K/x) + α(x)

α is a C1 function s.t.  |α(x)| / r < δ

)()()())(()( tdWtXdttXtXftdX σ+=

with       f(x) = r (1 - x/K)
or          f(x) = r  ln (K/x)

α is a C2 function s.t. |α(x)| / σ < δ
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Randomly fluctuating environment

We will use Stratonovich calculus.

The solution X(t) is a homogeneous ergodic diffusion process with 

drift coefficient (infinitesimal mean)   

a(x) = x (r (1 - x/K) + α(x) + a(x) = x (r (1 - x/K) + 

+ σ2/2 ) +(1/2)(σ+ α(x)) (σ+ α(x)+xα’(x)) )
a(x) =  x (r ln (K/x) + α(x) + a(x) =  x (r ln (K/x) +

+ σ2/2 ) +(1/2)(σ+ α(x)) (σ+ α(x)+xα’(x)) )

diffusion coefficient (infinitesimal variance)

b 2 (x) = σ 2 x2 b 2 (x) = (σ+ α(x)) 2 x2

In our case, a and b are C1 functions, so the solution exists and is unique up to 
an explosion time.
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Scale and speed measures

Scale meaure  S(a,b)=S(b)−S(a)

Scale function

Scale density

Speed measure M(a,b)=M(b)−Μ(a)

Speed function

Speed density
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Randomly fluctuating environment

� The state space has boundaries X=0 and X=+∞.

� On can see that X=0 and X=+∞ are non-attracting.

� There is no t such that X(t)=0 and so “mathematical” extinction 
has zero probability of occurring. “Realistic” extinction will, 
however, occur with probability one.

� Explosions can not occur and the solution exists and is unique 
for all t>0.

� There exists a stationary density p(y), because 
M=                   < +∞. ∫

+∞
0

dzzm )(
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First passage times
� Let   a < x < b.  

� The first passage time of the population size X(t) by a us 
denote  by Ta . Similarly define Tb .

� The probability of X(t) to reach a before reaching b is

{ }atXtTa =>= )(:inf 0 { }btXtTb =>= )(:inf 0

),min( baab TTT =

[ ]
),(
),(

)()(
baS
bxS

xXTTxu ba ==<= 0P
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Time to extinction

We are interested in the time required for the population to reach the 
extinction threshold a for the first time. Let us denote this extinction 
time by  

{ }atXtTa =>= )(:0inf

a < x < +∞
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Time to extinction
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Since the process is ergodic, if we let               , we obtain as limit of Uk(x)
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Time to extinction

For k=1

Replacing in the equation for k=2 we obtain V2(x) and then
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These have to be numerically integrated.
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First passage times

We can also obtain an ODE for the Laplace transform 

Solving the equation and inverting the Laplace transform, one obtains the 

p.d.f. of  Tab
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Logistic model, approximate drift coefficient
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Logistic model

For the logistic model  α(x) = 0
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Logistic model, approximate drift coefficient
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Example Behavior of r times the mean of the

population extinction time as a function of z=x/a

[ ]ax Tr E [ ]ax Tr E

z z

Drift error δ δ δ δ = 0.01

Drift error δ δ δ δ = 0.01

Drift error δ δ δ δ = 0.1 Drift error δ δ δ δ = 0.1

R=1 (r = σ2 )
d=0.01 (a=K/100) 

R=1 (r = σ2 )
d=0.1 (a=K/10) 

Logistic

Logistic
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Example Behavior of r times the standard deviation of the

population extinction time as a function of z=x/a

Drift error δ δ δ δ = 0.01

Drift error δ δ δ δ = 0.01

Drift error δ δ δ δ = 0.1 Drift error δ δ δ δ = 0.1[ ]ax Tr SD [ ]ax Tr SD

R=1 (r = σ2 )
d=0.01 (a=K/100) 

R=1 (r = σ2 )
d=0.1 (a=K/10) 

z z
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Gompertz model, approximate drift coefficient
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Gompertz model

For the Gompertz model  α(x) = 0

( ) d.f. Gaussian standard        with / dtex tx 22
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Gompertz model, approximate drift coefficient
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Example Behavior of r times the mean of the

population extinction time as a function of z=x/a
[ ]ax Tr E

[ ]ax Tr E

z z

Drift error δ δ δ δ = 0.01

Drift error δ δ δ δ = 0.01

Drift error δ δ δ δ = 0.1 Drift error δ δ δ δ = 0.1

R=1 (r = σ2 )
d=0.01 (a=K/100) 

R=1 (r = σ2 )
d=0.1 (a=K/10) 

Gompertz

Gompertz
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Example Behavior of r times the standard deviation of the

population extinction time as a function of z=x/a

Drift error δ δ δ δ = 0.01

Drift error δ δ δ δ = 0.01

Drift error δ δ δ δ = 0.1 Drift error δ δ δ δ = 0.1
[ ]ax Tr SD [ ]ax Tr SD

R=1 (r = σ2 )
d=0.01 (a=K/100) 

R=1 (r = σ2 )
d=0.1 (a=K/10) 

z z

Gompertz

Gompertz
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Logistic model, approximate diffusion coefficient
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Logistic model

For the logistic model  α(x) = 0
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Logistic model, approximate diffusion coefficient
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Example Behavior of r times the mean of the

population extinction time as a function of z=x/a

[ ]ax Tr E
[ ]ax Tr E

z z

σ σ σ σ error δ δ δ δ = 0.01
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R=1 (r = σ2 )
d=0.01 (a=K/100) 

R=1 (r = σ2 )
d=0.1 (a=K/10) 
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Example Behavior of r times the standard deviation of the

population extinction time as a function of z=x/a

σ σ σ σ error δ δ δ δ = 0.01

σ σ σ σ error δ δ δ δ = 0.01

σ σ σ σ error δ δ δ δ = 0.1 σ σ σ σ error δ δ δ δ = 0.1
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Gompertz model, approximate diffusion coefficient

a
x

z
K
a

d
r

R
X

X ===≤= ,,,
)(

)(
2σ

δ
σ

α
β

[ ]
( )( )( ) ( )( )( ) ( )( )( )∫ ∫ ∫

∞+














+
−

++
=

)ln(

ln exp
exp

expexp

dzR

dR y

t

yax dydtdv
RvK

v

RtKRyK
Tr

2
1

2
1

1

1

1
2

βββ
E

[ ]
( )( )( ) ( )( )( )

( )( )( ) ( )( )( )

( )( )( ) ( )( )( )
dudydtdv

RvK

v

RtK

dtdv
RvK

v

RtK

RuKRyK
Tr

u

t

u

u

t

y

dzR

dR yax





























+
−

+





























+
−

+

++
=

∫ ∫

∫ ∫

∫ ∫

∞+

∞+

∞+

2

2

2

1
2

1

1

1
2

1

1

1

1

1

1
8

exp
exp

exp

exp
exp

exp

expexp

)ln(

ln

ββ

ββ

ββ
VAR

( )( )RyK expβ

( )( )RyK expβ

( )( )RtK expβ

( )( )RtK expβ

( )( )RtK expβ

( )( )RuK expβ

( )( )RvK expβ

( )( )RvK expβ

( )( )RvK expβ



Workshop Math. Models for Biol. Systems

Trento, Feb 10, 2012

Gompertz model

For the Gompertz model  α(x) = 0

( ) d.f. Gaussian standard        with / dtex tx 22
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Gompertz model, approximate diffusion coefficient
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There are “nicer” but not so good bounds
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Example Behavior of r times the mean of the

population extinction time as a function of z=x/a

[ ]( )ax Tr Elog [ ]ax Tr E

z z

σ σ σ σ error δ δ δ δ = 0.01

σ σ σ σ error δ δ δ δ = 0.01

σ σ σ σ error δ δ δ δ = 0.1 σ σ σ σ error δ δ δ δ = 0.1

R=1 (r = σ2 )
d=0.01 (a=K/100) 

R=1 (r = σ2 )
d=0.1 (a=K/10) 

Gompertz

Gompertz
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Example Behavior of r times the standard deviation of the

population extinction time as a function of z=x/a

σ σ σ σ error δ δ δ δ = 0.01

σ σ σ σ error δ δ δ δ = 0.01

σ σ σ σ error δ δ δ δ = 0.1 σ σ σ σ error δ δ δ δ = 0.1[ ]( )ax Tr SDlog
[ ]ax Tr SD

R=1 (r = σ2 )
d=0.01 (a=K/100) 

R=1 (r = σ2 )
d=0.1 (a=K/10) 

z z

Logistic
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Conclusions

� The qualitative behavior of the “true” models coincides with the bahavior of the
approximate standard models (logistic or Gompertz). “Mathematical” extinction
has zero probability of occurring and there is a staionary density. “Realistic” 
extinction occurs with probability one.

� If the true average growth rate or the true environmental noise intensity are 
very close to the standard model (logistic or Gompertz), the mean and
standard deviation of the population extinction time are close to the ones of 
the standard model. One can then use a standard model, which is much
simpler to deal with, as a convenient approximation. One can even have
bounds for the error committed.

� Otherwise, the use of the true model may lead to values quite different from
the true ones.

� The standard deviation of the population extinction time is of the same order of 
magnitude as the mean extinction time. So, use of means alone is not very
informative.
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Thank you. 


