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Do we do the right thing?

If population
dynamics is based on
individuals, why do
people use differential
equations?
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The question you never asked your professor...

Where do differential equations come from?
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...and side effects

We will not answer the previous questions. @
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...and side effects

We will not answer the previous questions. @

But, we will analyze in detail a simple example. @

We start from a simple model in population dynamics and obtain, in the
end, an ordinary differential equations.

As side-effects:
@ We establish the validity of the ODE model;

@ We find a better differential equation. This lead us naturally to
singular partial differential equations.
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Discrete and Continuous Models

We consider a
population of N
individuals of n
different types.



Discrete and Continuous Models

We consider a
population of N
individuals of n
different types.
We attribute to
each type a
number, called
fitness.






The next
O OO O generation is
. OO obtained from the
O previous one: each
O individual descend
O O O from one of the

O types, with

O O O OO probability
O O proportional to the

OO O OO fitness.
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General definitions

We consider N individuals of n different types.

For each type we define a fitness V;.

The state of the population is given by a vector in the n — 1-dimensional
simplex

Sl = Ix= (xl,...,xn)|sz =1,x>0}.
k=1
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General definitions

We consider N individuals of n different types.

For each type we define a fitness V;.

The state of the population is given by a vector in the n — 1-dimensional
simplex

Sl = Ix= (xl,...,xn)|ZXk =1,x>0}.
k=1

The next generation is obtained from the previous one: each individual
descend from one of the types, with probability proportional to the fitness.
The transition probability from a state y to a new state x is given by

N! 2 yiw® s
6)'V(Y_”‘):(/V><1)!(/vx2)!--~(an)!.I_I(y‘T’ ) '

i=1
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How to obtain the fitness? .

A crash course on game theory

We consider two players, with two possible pure strategies, and associate a
pay-off matrix:

I
| A . with A,B,C,D > 0.
I c

T W
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We call an Eg-strategist, an individual playing pure strategy | with
probability g and pure strategy Il with probability 1 — q.
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A crash course on game theory

We consider two players, with two possible pure strategies, and associate a
pay-off matrix:

T
I | A . with A,B,C,D > 0.
| c

T W

We call an Eg-strategist, an individual playing pure strategy | with
probability g and pure strategy Il with probability 1 — q.

Rationality: Against an Eg-strategist, one chooses the best reply: the
strategy Ep, with p = R(q).

The Nash equilibrium is given by the strategy that is the best reply against
itself: p* = R(p*).

Discrete and Continuous Models |



A crash course on game theory

In biology, we do not have the rationality assumption: this should be
replaced by a certain kind of “best response dynamics”.
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A crash course on game theory
In biology, we do not have the rationality assumption: this should be
replaced by a certain kind of “best response dynamics”.
We identify the pay-off with the fitness (probability to leave descendants in
the next generation).
We define the evolutionary stable strategies (ESS).

Let W(E,, E;), be the average pay-off of an E,-strategist against a
population of E,-strategists.

We consider a population of E,-strategists and a small number of invaders
to this population playing Ej.

We say that Ej, is an ESS if and only if:

W(Eq, (1 —e)Ep +cEq) < W(Ep, (1 —e)Ep + €Ey)

average invader’s pay-off average resident's pay-off

O d d a
Discrete and Continuous Models

and £ small enough.




A crash course on game theory

We consider that the individuals play a game with two possible pure
strategies, I and II, with associated pay-off matrix given by

I
ITA B, ABCD>0.
N c D

Discrete and Continuous Models |



A crash course on game theory

We consider that the individuals play a game with two possible pure
strategies, I and II, with associated pay-off matrix given by

I
ITA B, ABCD>0.
N c D

We call n the number of type | individuals. Fitnesses are identified with
mean pay-off:

n—1 N—n
- A B
N_1 TN—1
N-—n—1
\II(H)(n,N):anC+ an D .

v (n, N)
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How to obtain the fitness? .

A crash course on game theory

For a continuous population the fraction x = § of type | individuals is
given by the replicator equation

= 5 (w(l) — \T/)
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A crash course on game theory

For a continuous population the fraction x = § of type | individuals is
given by the replicator equation

xzx(wﬂ)—ﬁf) = x(1 - x)(x (A= C)+(1 —x) (B — D)) .
o B
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A crash course on game theory

For a continuous population the fraction x = § of type | individuals is
given by the replicator equation

XZX(W(I)—\TJ> = x(1 - x)(x (A= C)+(1 —x) (B — D)) .
o B

When a < 0 and 5 > 0 (the Hawk-and-Dove game) this equation has
three equilibria: x =0, x =1 and x = x* = B,ga € (0,1).
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time = 0
0,101

0,081
0,06
5 ]
50,04

0,02

0 —— 77—
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
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The replicator dynamics

tme =1 is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
distribution initially
= 0 ,06 concentrates in three
points: x =0, x =1 and
Q 0 04 R=x% = %
0,024

0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
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The replicator dynamics

tme =2 is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
distribution initially
= 0 ,06 concentrates in three
points: x =0, x =1 and
Q 0 04 R=x% = %
0,02/

0 —— T
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X
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The replicator dynamics

tme =3 is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
distribution initially
= 0 ,06 concentrates in three
points: x =0, x =1 and
Q 0 04 R=x% = %
0,02

0= ="
0 02040608 1
X
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The replicator dynamics

time = 4 is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
distribution initially
= 0 ,06 concentrates in three
points: x =0, x =1 and
Q*O 04 X = x* — %
0,02/ I

0 — 7T
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
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The replicator dynamics

tme =5 is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
distribution initially
= 0 ,06 concentrates in three
points: x =0, x =1 and
Q*O 04 X = x* — %
0,02/

0_
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
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The replicator dynamics

tme =6 is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
distribution initially
= 0 ,06 concentrates in three
points: x =0, x =1 and
Q*O 04 X = x* — %
0,02/ I

0 Z T — —
0 02040608 1
X
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The replicator dynamics

time = 7 is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
distribution initially
= 0 ,06 concentrates in three
points: x =0, x =1 and
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0,02/ I

0 Z — T — —
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X
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The replicator dynamics

tme =8 is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
distribution initially
= 0 ,06 concentrates in three
points: x =0, x =1 and
Q*O 04 X = x* — %
0,02/ I

0 Z ——— " —
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
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The replicator dynamics

tme =9 is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
distribution initially
= 0 ,06 concentrates in three
points: x =0, x =1 and
Q*O 04 X = x* — %
0,02/ I

0 2 - . r r T T d
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
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The replicator dynamics

time = 10 e [k
i is given by
0'10_ x =x(1—x)(1-3x).
0,08- The probability
distribution initially
'-'~0 06 concentrates in three
points: x =0, x =1 and
0,021 I

0 2 - . r r T T d
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
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0'10_ x =x(1—x)(1-3x).
0,08- The probability
distribution initially
'-'~0 06 concentrates in three
points: x =0, x =1 and
0,02J I

0 2 - . r r T T d
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x

Discrete and Continuous Models |



The replicator dynamics

time = 39 e [k
i is given by
0'10_ x =x(1—x)(1-3x).
0,08- The probability
distribution initially
'-'~0 06 concentrates in three
points: x =0, x =1 and
0,02J I

0 2 - . r r T T d
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x

Discrete and Continuous Models |



The replicator dynamics

time = 40 e [k
i is given by
0'10_ x =x(1—x)(1-3x).
0,08- The probability
distribution initially
'-'~0 06 concentrates in three
points: x =0, x =1 and
0,02J I

0 2 - . r r T T d
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x

Discrete and Continuous Models |



time = 50
0,101

0,08
20,064
20,04
0,02 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 60
0,101

0,08
20,064
20,04
0,02 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 70
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,021_ I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 80
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02J_ I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 90
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02J_ I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 100
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02J_ I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 110
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02J_ I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 120
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02J_ I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 130
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02J_ I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 140
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02J_ I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 150
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02J_ I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 160
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02—1 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 170
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02—1 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 180
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02—1 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 190
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02—1 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 200
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02—1 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 210
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02—1 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 220
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02—1 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 230
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,02—1 I

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 240
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,021 I
0 — T

0 02040608 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 250
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,021 I
0 — T

0 02040608 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 260
0,101

0,08-
"‘0 ,06 1
s:"*0 04

0,021 I
0 — T

0 02040608 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



time = 270
0,101

0,08-
"‘0 ,06 1
s:"*0 041

0,021 I
0 — T

0 02040608 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

VB (x) =1+ 3x



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 280

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 290

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 300

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 310

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 320

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 330

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 340

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 350

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



0,10

0,08
0,06
%
20,04

0,02

time = 360

\ |

0 02040608 1

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x

Discrete and Continuous Models



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 370

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



0,10
0,08-

"‘*006
9*004

0,021

Simulation for N = 50, W(4)(x) = 2

time = 380

|

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
K=" = % We
accelerate the evolution
and nothing seems to
happen.

\U(B)(x) =14 3x



time — 390 The replicator dynamics

i is given by
0'10_ x =x(1—x)(1 - 3x).
0,08- The probability
] distribution initially
= 0,06 concentrates in three
X 1 points: x =0, x =1 and
20,045 x:x*:%. We
accelerate the evolution
0,021 I and nothing seems to
] happen.

0 2 - . r r T T d
0 02040608 1
X
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x

Discrete and Continuous Models |



0,101
0,081
0,06
5 ]
50,04

0,021

time = 400

|

X

0 2 - . r r T T d
0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x

Discrete and Continuous Models



0,10
0,08-
"‘0 061
Q*O 041
0,021

time = 500

|

Simulation for N = 50, W(4)(x) = 2

X

0 02040608 1

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,10
0,08-

"‘*0 ,06 1
Q*O 044

0,02 1
0 2 - 5 r - T T 1

0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 600

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,10
0,08-

f-~0 061
Q~0 04J

0,02 1
0 2 - 5 r - T T 1

0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 700

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



time — 800 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



time — 900 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



time — 1000 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



tme — 1100 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



tme — 1200 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



time — 1300 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



tme — 1400 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



tme — 1500 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



time — 1600 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



tme — 1700 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



time — 1800 .The. replli)cator dynamics
. is given by

0'10_ x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
R=x% = % We
accelerate the evolution

I and nothing seems to
happen. After a long

00 ‘0;2 I0:4I0;6 0,8 1 ' time, a diffusion process

X dominates. ..
Simulation for N = 50, W) (x) =2, W(B)(x) =1 4 3x
|



time = 1900

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



0,10
0,08]

"‘*006
9*004

0,02'
0 2 - 5 r - T T 1

0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 2000

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,10
0,081

"‘*006
9*004

0,02'
0 2 - 5 r - T T 1

0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 2100

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,10

0,08
"‘*0 ,061
s:’*0 04

0,02-

0 02040608 1

time = 2200

X

Simulation for N = 50, W(4)(x) = 2

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



time = 2300

0,107
0,081
"‘0 ,06-
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



0,107
0,08
"‘0 ,06-
9*0 04

0,02-

0 2 - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 2400

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,107
0,081
"‘0 ,06 1
9*0 04

0,02-

0 2 - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 2500

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,10+
0,08
"‘0 ,06 1
9*0 04

0,02-

0 2 - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 2600

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



time = 2700

0,10,
0,081
"‘0 ,06 1
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 2800

0,10
0,081
"‘0 ,06 1
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



0,10

0,081

"‘*006
9*004

0,02-

0 02040608 1

time = 2900

X

Simulation for N = 50, W(4)(x) = 2

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,101
0,081
"‘*0 ,06 1
Q*O 04

0,02'
0 2 - 5 r - T T 1

0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 3000

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,101

0,08
20,06
Q~004

0,02'
0 2 - 5 r - T T 1

0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 3100

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,104
0,08-
"‘*0 061
s:"*0 04

0,02'
0 : - 5 r - T T 1

0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 3200

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,101
0,08-
"‘*0 ,06 1
Q*O 04

0,02'
0 : - 5 r - T T 1

0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 3300

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,101
0,08-
"‘*0 ,06 1
Q*O 04

0,02'
0 : - 5 r - T T 1

0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 3400

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



time = 3500

0,10
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 3600

0,10
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 3700

0,10
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 3800

0,10
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 3900

0,10
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 4000

0,10
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 4100

0,10
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



0,10]
0,08-
"‘*0 ,06 1
Q*O 04

0,02-

0 : - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 4200

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,101
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 : - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 4300

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,101

opé
20,06
20,04

0,02-

0 : - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 4400

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,101

opé
20,06
Q~004

0,02-

0 : - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 4500

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,104
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 : - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 4600

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,104
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 : - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 4700

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,104
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 : - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 4800

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



0,101
0,08-
"‘0 ,06 1
9*0 04

0,02-

0 : - 5 r - T T 1
0O 0,2040608 1
Simulation for N = 50, \U(A)(x) =2

time = 4900

X

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

\U(B)(x) =14 3x



time = 5000

0,107
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 5100

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 5200

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 5300

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 5400

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 5500

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 5600

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 5700

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 5800

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 5900

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 6000

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 6100

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 6200

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 6300

0,10
0,08-
"‘*0 061
s:"*0 04

0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 6400

0,10
0,08-
"‘0 061
Q*O 04
0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 6500

0,10
0,08-
"‘0 061
Q*O 04
0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 6600

0,10
0,08-
"‘0 061
Q*O 04
0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 6700

0,10
0,08-
"‘0 061
Q*O 04
0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 6800

0,10
0,08-
"‘0 061
Q*O 04
0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



time = 7000

0,10
0,08-
"‘0 061
Q*O 04
0,02-

0 02040603 1

X
Simulation for N = 50, W(4)(x) = 2

Discrete and Continuous Models

The replicator dynamics
is given by

x =x(1—x)(1-3x).
The probability
distribution initially
concentrates in three
points: x =0, x =1 and
x=x*= % We
accelerate the evolution
and nothing seems to
happen. After a long
time, a diffusion process
dominates. ..

VB (x) =1+ 3x



3 thypes Wright-Fisher process

Now, we consider n = 3 types and define the Rock-Scissor-Paper game:

Scissors

beats paper

NI S

beats rock
Rock .
beats scissors
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Now, we consider n = 3 types and define the Rock-Scissor-Paper game:

Fitnesses are calculated from

the matrix;
w
\%‘&,. / ‘ Rock Scissor Paper
O <O A Rock 30 81 29
k=N § \ Scissor 6 30 104
e Paper | 106 4 30

- W) (x) = 30x + 81y + 29z ,
< % VB (x) = 6x + 30y + 104z ,

WO (x) = 106x + 4y + 30z .

Discrete and Continuous Models |



The replicator dynamics is given by:

X = x(—74x + 4y — 1 4 75x° + 96xy + 48y?) ,
y = y(—173x — 122y + 74 + 75x> 4 96xy + 48y?) ,

where x > 0 is the frequency of type 1, y > 0 of type 2 and
z=1—-x—y >0 (i.e., x+y <1) of type 3.
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The replicator dynamics is given by:

X = x(—74x + 4y — 1 4 75x° + 96xy + 48y?) ,
y = y(—173x — 122y + 74 + 75x> 4 96xy + 48y?) ,
where x > 0 is the frequency of type 1, y > 0 of type 2 and

z=1—-x—y >0 (i.e., x+y <1) of type 3.
The only stationary solutions are:
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The replicator dynamics is given by:

X = x(—74x + 4y — 1 4 75x° + 96xy + 48y?) ,
y = y(—173x — 122y + 74 + 75x> 4 96xy + 48y?) ,

where x > 0 is the frequency of type 1, y > 0 of type 2 and
z=1—-x—y >0 (i.e., x+y <1) of type 3.
The only stationary solutions are:

Q (x,y) =(0,0), everybody is of type 3;
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The replicator dynamics is given by:

X = x(—74x + 4y — 1 4 75x° + 96xy + 48y?) ,
y = y(—173x — 122y + 74 + 75x> 4 96xy + 48y?) ,

where x > 0 is the frequency of type 1, y > 0 of type 2 and
z=1—-x—y >0 (i.e., x+y <1) of type 3.
The only stationary solutions are:

Q (x,y) =(0,0), everybody is of type 3;

Q (x,y) =(0,1), everybody is of type 2;

Discrete and Continuous Models |



The replicator dynamics is given by:

X = x(—74x + 4y — 1 4 75x° + 96xy + 48y?) ,
y = y(—173x — 122y + 74 + 75x> 4 96xy + 48y?) ,

where x > 0 is the frequency of type 1, y > 0 of type 2 and
z=1—-x—y >0 (i.e., x+y <1) of type 3.
The only stationary solutions are:

Q (x,y) =(0,0), everybody is of type 3;
Q (x,y) =(0,1), everybody is of type 2;
Q (x,y) = (1,0), everybody is of type 1;

Discrete and Continuous Models |



The replicator dynamics is given by:

X = x(—74x + 4y — 1 4 75x° + 96xy + 48y?) ,
y = y(—173x — 122y + 74 + 75x> 4 96xy + 48y?) ,

where x > 0 is the frequency of type 1, y > 0 of type 2 and
z=1—-x—y >0 (i.e., x+y <1) of type 3.
The only stationary solutions are:
Q (x,y) =(0,0), everybody is of type 3;
everybody is of type 2;

w\»—\

(x.y) =
Q9 (x.y)
(x:¥)

7

(0,1),
(1,0), everybody is of type 1;
(3.3

). a mixed population.
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The flow of the replicator dynamics is given by:

1

(& >+

Discrete and Continuous Models




The flow of the replicator dynamics is given by:

1

2

Discrete and Continuous Models

The vertexes of
the simplex are
unstable stationary
points, while the
center of the
simplex is the only
stable stationary
point of the
replicator
dynamics.



Rock-Scissor-Paper game: time = 0

Discrete and Continuous Models

-1

-3
-4

-6
-7

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 1

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 2

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 3

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 4

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 5

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 6

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 7

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 8

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 9

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 10

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 11

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 12

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 13

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 14

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 15

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 16

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 17

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 18

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 19

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 20

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 21

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 22

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 23

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 24

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 25

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 26

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 27

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 28

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 29

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 30

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 31

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 32

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 33

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 34

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 35

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 36

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 37

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 38

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 39

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 40

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 41

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 42

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 43

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 44

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 45

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 46

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 47

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 48

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 49

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 50

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 51

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 52

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 53

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 54

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 55

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 56

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 57

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 58

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 59

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 60

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 61

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 62

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 63

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 64

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 65

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 66

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 67

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 68

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 69

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 70

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 71

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 72

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 73

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 74

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 75

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 76

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 77

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 78

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 79

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 80

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 81

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 82

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 83

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 84

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 85

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 86

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 87

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 88

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 89

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 90

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 91

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 92

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 93

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 94

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 95

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 96

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 97

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 98

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 99

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Rock-Scissor-Paper game: time = 100

Discrete and Continuous Models

Simulation for

N =150 and the

pay-off matrix given
30 81 29

by ( 6 30 104).
106 4 30

The green spot

denotes the average

and the cyan spot the

interior peak.



Transition matrix for two types

Let P(x,t, N, At) be the probability of at time t there are xN,
x =0, %, ..., 1, mutants in a population of fixed size N evolving with time
steps of order At.
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Transition matrix for two types
Let P(x,t, N, At) be the probability of at time t there are xN,

x =0, %, ..., 1, mutants in a population of fixed size N evolving with time

steps of order At. The evolution is given by

P(x,t, N,At) = >~ On(y = x)P(y,t, N, At)
y:O,ﬁ,...,l
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Transition matrix for two types

Let P(x,t, N, At) be the probability of at time t there are xN,

x =0, %, ..., 1, mutants in a population of fixed size N evolving with time

steps of order At. The evolution is given by

P(X, t,N,At): Z @N()/HX)P(% taN’At)
y:O,ﬁ,...,l

The evolution equation can be written
P(t + At) = MP(t)
where
P(t) := (P(0,t, N,At),P(1/N,t, N,At),--- ,P(1,¢t,N, At))

and M is a stochastic matrix.
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Transition matrix for two types

Let P(x,t, N, At) be the probability of at time t there are xN,

x =0, %, ..., 1, mutants in a population of fixed size N evolving with time

steps of order At. The evolution is given by

P(X, t,N,At): Z @N()/HX)P(% taN’At)
y:O,ﬁ,...,l

The evolution equation can be written
P(t + At) = MP(t)
where
P(t) := (P(0,t, N,At),P(1/N,t, N,At),--- ,P(1,¢t,N, At))

and M is a stochastic matrix.
“P(0).

A ] Nd A
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Spectral theory

1 1-Ff - 1—Fy
0 0

lim M" =

KR—00

O AR - Fu

where the F, satisfy F, = Zﬁizo On (§ — 7)) Fm, with Fo =0 and

Fy =1.

In particular, any stationary state will be concentrated at the endpoints.
If 1 denotes the vector (1,1,...,1)1, F = (Fy, F1,...,Fn)' and if (-,-,)
denotes the usual inner product, then we have that (P(t),1) = (P(0),1)
and (P(t),F) = (P(0),F).
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Continuous models

General idea: 2 types

We look for a differential equation that approximates the discrete evolution
of P when N — 0o and At — 0.
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General idea: 2 types

We look for a differential equation that approximates the discrete evolution
of P when N — 0o and At — 0.
We introduce the following assumptions:
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General idea: 2 types

We look for a differential equation that approximates the discrete evolution
of P when N — 0o and At — 0.
We introduce the following assumptions:

© The weak selection principle:

lim  wl(x)=1.

N—oco,At—0

More precisely, we assume that W()(x) = 1+ (At)*4()(x).
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General idea: 2 types

We look for a differential equation that approximates the discrete evolution
of P when N — 0o and At — 0.
We introduce the following assumptions:

© The weak selection principle:

lim  wl(x)=1.

N—oco,At—0

More precisely, we assume that W()(x) = 1+ (At)*4()(x).
@ The limit function p = limy_00 Ar—0 1/L/v is such that

1 1 1 _
p <x £1 t) = plx, ) & T 0xp(x, ) + 5130%p(x. ) + O(N?)

p(x, t + At) = p(x, t) + (At) ep(x, t) + O ((At)z) .
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General idea: 2 types

We look for a differential equation that approximates the discrete evolution
of P when N — 0o and At — 0.
We introduce the following assumptions:

© The weak selection principle:

lim  wl(x)=1.

N—oco,At—0

More precisely, we assume that W()(x) = 1+ (At)*4()(x).
@ The limit function p = limy_00 Ar—0 1/L/v is such that

1 1 1 _
p <x £1 t) = plx, ) & T 0xp(x, ) + 5130%p(x. ) + O(N?)

p(x, t + At) = p(x, t) + (At) ep(x, t) + O ((At)z) .

: The time—stei is such that e(At) = N~/
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Continuous models

Formal asymptotic: Wright-Fisher process for two types

Using all these assumptions, we find the asymptotic expansion:

0ep =~ ——r 0 (x(1 = x) (¥Ox) — 9 (x)) p) + 702 (x(1 — x)p)

_(At)l—u X
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Formal asymptotic: Wright-Fisher process for two types

Using all these assumptions, we find the asymptotic expansion:

= (1) (900~ ) )+ )

Depending on the choice of 1 and v, we have
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Formal asymptotic: Wright-Fisher process for two types

Using all these assumptions, we find the asymptotic expansion:

00 (x(1 =) (4900 ~¥®(x)) p) + 5708 (x(1 ~ x)p) -

1
Op = ————
tP (At)liu

Depending on the choice of i and v, we have the diffusion equation

1
Oep = 505 (x(1 = x)p) ;

Discrete and Continuous Models |



Formal asymptotic: Wright-Fisher process for two types

Using all these assumptions, we find the asymptotic expansion:

= (1) (900~ ) )+ )

Depending on the choice of i and v, we have the diffusion equation

1
Oep = 505 (x(1 = x)p) ;

the (partial differential version of the) replicator equation:

Orp = —0x (X(l —x) <¢(A)(X) - ¢(B)(X)> p) :
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Formal asymptotic: Wright-Fisher process for two types

Using all these assumptions, we find the asymptotic expansion:

= (1) (900~ ) )+ )

Depending on the choice of i and v, we have the diffusion equation

1
Oep = 505 (x(1 = x)p) ;

the (partial differential version of the) replicator equation:

Orp = —0x (X(l —x) <¢(A)(X) - ¢(B)(X)> p) :

or the replicator-diffusion equation

Bep = =02 (x(L = x)p) = B (x(1 = x) (¥ (x) —4®)(x)) p) -
|



Formal asymptotic: Wright-Fisher process for two types
The invariants become the following conservation laws:

d 1

d 1
. A p(x,t)dx =0, dt/o B(x)p(x, t)

where ¢ satisfies

~¢"+ (v - v®(x)) ¢ =0, 4(0)=0,
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Formal asymptotic: Wright-Fisher process for two types
The invariants become the following conservation laws:
d (! d (!
— x,t)dx =0 — x)p(x,t)dx =0
G | rxaac=o L [ otaptanax=o,

where ¢ satisfies

~¢"+ (¥W) - 0B (x) ¢ =0, #(0)=0, (1)=1.

This implies:
Jexe [=2 [ (W () — p®(x1) dx"] ax’

fOl €xp |:_% fOXI (w(A)(Xﬂ) - w(B)(X”)) dX”:| e |

—

¢(x) =
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Formal asymptotic: Wright-Fisher process for two types
The invariants become the following conservation laws:
d (! d (!
— x,t)dx =0 — x)p(x,t)dx =0
G | rxaac=o L [ otaptanax=o,

where ¢ satisfies

~¢"+ (¥W) - 0B (x) ¢ =0, #(0)=0, (1)=1.

This implies:
fOX exp [—% foxl (¢(A)(X") _ IZJ(B)(X”)) dX”] dx’
- fol exp {—% foxl (w(A)(X//) _ w(B)(X//)) dx”} s’ '

¢(x)

If we start from the initial condition p! = d,,, then the fixation probability

| 01®.4
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Comparisons

The Kimura equation

The equation
Of = gx(l — X)O2F + yx(1 — x)Oxf

with boundary condition given by f(0,t) =0 and f(1,¢) =1 is known as
the Kimura equation.
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The Kimura equation

The equation
€

=X
2
with boundary condition given by f(0,t) =0 and f(1,¢) =1 is known as
the Kimura equation.

Oif = —x(1 — x)02f + yx(1 — x)Oxf ,

f(x, t) is the fixation probability at time t (or before) associated to the
type 1, when its initial presence is x.
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The Kimura equation

The equation

Oef = gx(l — x)02f + yx(1 — x)Oxf
with boundary condition given by f(0,t) =0 and f(1,¢) =1 is known as
the Kimura equation.

f(x, t) is the fixation probability at time t (or before) associated to the
type 1, when its initial presence is x.

The adjoint of the replicator-diffusion equation generalizes the Kimura
equation for more general fitnesses.
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The Kimura equation

The equation
€

EX
with boundary condition given by f(0,t) =0 and f(1,¢) =1 is known as
the Kimura equation.

Oif = —x(1 — x)02f + yx(1 — x)Oxf ,

f(x, t) is the fixation probability at time t (or before) associated to the
type 1, when its initial presence is x.

The adjoint of the replicator-diffusion equation generalizes the Kimura
equation for more general fitnesses.

The final state is the final fixation probability: lim;_, f(x, t) = ¢(x).
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Fixation probability for homogeneous populations
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Fixation probability for homogeneous populations

1.01

fixation probability
=) o o
'S o to
1 1 1

@
rJ
1

O T T T T 1
0 02 04 06 08 1.0

initial presence

Fixation probability
for N =50 and
pay-off matrix

9 4
(2 2). The red

line indicates the
function ¢(x) for
e = 0.04315862961.



Time evolution in the Wright-Fisher process

300
time

Discrete and Continuous Models

600

Number of individuals
of the first type, for
the Wright-Fisher
process with pay-off
matrix given by

-3 for ten
5 15)°

simulations with
initial conditions of
220/300 individuals
of the first type. The
red line indicates the
evolution of the
mean.



Rigorous asymptotic: the replicator-diffusion equation for two types

Let BM™([0,1]) denote the positive Radon measures in [0, 1].

Theorem

For a given p' € BM™([0,1]), there exists a unique (weak) solution p, with

p € L ([0,00); BM*([0,1])) and such that p satisfies the conservations laws.
The solution can be written as p(x,t) = r(x,t) + a(t)do + b(t)d1, where

r € C*®(R*; C>([0,1])) is a classical (regular) solution to the replicator diffusion
equation without boundary conditions, and ,, denotes the singular measure
supported at y. We also have that a(t) and b(t), belong to C([0,00)) N C=(R™).
For large time, we have that lim:_, r(x,t) = 0, uniformly, and that a(t) and
b(t), the transient extinction and fixation probabilities, respectively, are
monotonically increasing functions. Moreover, we have that

lim p(-, t) = mo[p']0 + m[p']01,

t—o0
with respect to the Radon metric. Finally, the convergence rate is exponential.
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Rigorous asymptotic: the replicator-diffusion equation for two types

Theorem

Let p(x, t, N, At) be the solution of the finite population dynamics (of
population N, time step At = 1/N ), with initial conditions given by

pP(x, N, At) = p°(x), x =0,1/N,2/N,--- 1, for p° as in the previous
theorem. Assume also the weak-selection limit, with v = }. Let peont (X, t)
be the solution of the continuous model, with initial condition given by
p°(x). If we write p" for the i-th component of p(x,t, N, At) in the n-th
iteration, we have, for any t* > 0, that

lim pN’ = peoms(x, ), x €[0,1], te€[0,t"].
N—oo
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The Wright-Fisher process .

From the discrete to the continuous

We look for a simpler model for intermediate populations.
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From the discrete to the continuous

We look for a simpler model for intermediate populations.
This means that we look for a differential equation for the fraction of type

i individuals. This equation should present two time-scales associated to
two different phenomena:
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From the discrete to the continuous

We look for a simpler model for intermediate populations.

This means that we look for a differential equation for the fraction of type
i individuals. This equation should present two time-scales associated to
two different phenomena:

© The first time scale will represent the natural selection;

Replicator Equation
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From the discrete to the continuous

We look for a simpler model for intermediate populations.

This means that we look for a differential equation for the fraction of type
i individuals. This equation should present two time-scales associated to
two different phenomena:

© The first time scale will represent the natural selection;

Replicator Equation ‘
© The second time scale will represent the genetic drift.

Diffusion to the vertexes of the simplex (pure states) ‘
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From the discrete to the continuous

We look for a simpler model for intermediate populations.

This means that we look for a differential equation for the fraction of type
i individuals. This equation should present two time-scales associated to
two different phenomena:

© The first time scale will represent the natural selection;

Replicator Equation ‘
© The second time scale will represent the genetic drift.

‘ Diffusion to the vertexes of the simplex (pure states) ‘

Let the n — 1-dimensional simplex be

n
§"1 = {x € R"||x| ;:ZX,- =1,%>0,Vi=1,--- ,n}.
i=1
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The Wright-Fisher process .

From the discrete to the continuous

We consider the discrete evolution (|y| =), i)

pu(x, t+AL) = Y Ony = X)pu(t,y) = > On(x—y — x)pn(t,x—y) .

ly|=1 ly|=0
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From the discrete to the continuous

We consider the discrete evolution (|y| =), i)

pn(x, t+At) = Z On(y = x)pn(t,y) = Z On(x—y — X)pn(t,x—y) .
ly|=1 ly[=0

We assume the weak selection principle ¢()(y) =1 + % and then

Bly)=1+2.
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From the discrete to the continuous

We consider the discrete evolution (|y| =), i)

pn(x, t+At) = Z On(y = x)pn(t,y) = Z On(x—y — X)pn(t,x—y) .
ly|=1 ly[=0

We assume the weak selection principle ¢()(y) =1 + % and then

3(y) =1+ 2¥) This implies that

(yig(i))NXi exp {Nx; {Iog)’i + log (1 + Z/)(i,)\/(y)) (1 B # * qzj\/(zy))] }

Q

Q

Y% exp [x,- (690~ 5 ) + 52 (i) —w(”(y)ﬂ '
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The Wright-Fisher process .

From the discrete to the continuous

Using the Stirling formula x! ~ v/2mxx*e™ we write

N! ()T Nz
(NX]_)'(NXQ)""(NXn)I Nn_:l (X1X2'-'Xn)%Xi(lNngN"'Xr)y("N ’
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From the discrete to the continuous

Finally, we have

1
On(y = x) ~ gAY, N73) (14 Z(y,x N72) + o(N 7))

Nn—l
where
1—n n i
2 1—n . Zz
Ay, x,2) = (2m) = 2 T <y,>
(x1x2 -+ xp)2 ;4 \Xi

“ty.x2) = 3" [ (40(9) — 5 (1)) + 2xd0) (30) — 00 9)]

i=1

Note that = is associated to the drift generated by the fitness; i.e., if
¥()(y) is constant, then =(y,x, N) = 0.
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From the discrete to the continuous

We introduce the new variables 7; = yjv/N and z = =

For large N (and then small z) the neutral transition probability \ scales as

3

1on 1-n
BO22 o (-lomm) |

(x1x2 -+ Xn)2

ANx —z7T,%,2) =

where Q is a quadratic form with associated eigenvalues A1, -+, Ap_1.
These eigenvalues are the eigenvalues of the matrix F = (Fj;),
i,j=1,---,n—1, such that Fj; :x,-_1 —|—x;1 and Fj; :x;l, fori #j, i.e.,
Ao Ano1 = (x1 - xp) "L, This implies that

/ exp (—IQ(T,T)> dr = (27r)"2;1 X1 Xn -
Rn—1 2
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From the discrete to the continuous

For large N (and then small z) the neutral transition probability N has the
following first moments:

"t //\(x,x +z7,z)dT = //\(x,x +y,z)dy=1,
z"/T,-/\(x,x +z7,z)dTr =0,

o [ enape oy {0 ST
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From the discrete to the continuous

We write the following equation for an appropriate test function g:
[ plx.t+ 20g()ax~ [ [ @ulx—y = xip(x — v, N g(x)axdy

~ an_l // ez%(x —z7 = x)p(x — z7, t)g(x)dTdx
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From the discrete to the continuous

We write the following equation for an appropriate test function g:
[ plx.t+ 20g()ax~ [ [ @ulx—y = xip(x — v, N g(x)axdy

~ an_l // el%(x —z7 = x)p(x — z7, t)g(x)dTdx

~ 2 [ 2 2rx DI - 27 x 2p(x - 27, g(x)drx
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From the discrete to the continuous

We write the following equation for an appropriate test function g:
[ plx.t+ 20g()ax~ [ [ @ulx—y = xip(x — v, N g(x)axdy
1
N T // @L(x —z7 = x)p(x — zT, t)g(x)dTdx
~z" 1/ [1+=(x—z7,x,2)]A(x — z7, %, Zz)p(x — zT, t)g(x)dTdx

=z" 1/ [14+=(x,x+ z7, 2)] A(x, x + z7, Z)p(x, t)g(x + z7)dTdx
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From the discrete to the continuous

We write the following equation for an appropriate test function g:
/p(x, t+ At)g(x)dx = // On(x —y — x)p(x —y, t)N""g(x)dxdy
1
o // e%z(x —z7 = x)p(x — zT, t)g(x)dTdx
~ 21 // [1+4+=(x—z7,x,2)]A(x — zT, %, Zz)p(x — zT, t)g(x)dTdx

_ -1 // [1+=(x,x + z7, 2)] A(x, x + zT, z) p(x, t)g(x + z7T)dTdx

-]

n—1 > n—1
< |g(x) +2) 05g(x) + 5 D mmidl,, g(x)| drdx

j=1 k,I=1
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From the discrete to the continuous

/ p(x, t + At)g(x)dx
-1 / / A(x,x + 27, 2)p(x, t)g (x)dTdx

+2z" // (x, t) [ 1/)()(" )7-,4-27-1 ] (x,x + zT, z)dTdx
2 [ [ bt [ ”T"o‘ix,g(xwznjia £(x) (W (x) - '«Z(X))Tm’]

k,I=1 i=1 j=1

X N(x,x + z7,z)d7dx .
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From the discrete to the continuous

/p(x, t + At)g(x)dx
~ [ bx Dg(x)dx

+z // [z": (1/)( )(x) — )) T + 'iz_:lnﬁxig(x)] A(x, x + zT, z)dTdx

i=1

+z"“ p(xt [ ”T"o‘ix,g(xwzza ()@ (x) - '«Z(X))Tm’]

k,I=1 i=1 j=1

X A(x,x + z7,z)d7dx .
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The Wright-Fisher process .

From the discrete to the continuous

/ p(x, t + At)g(x)dx
~ / p(x, £)g(x)dx

+0
+27% [[ otst) [i T8 + 32 3 DR (x) ~ By

X N(x,x + z7, z)d7Tdx .
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The Wright-Fisher process .

From the discrete to the continuous

/p(x, t + At)g(x)dx
~ [ bx g0

+0

+22/g [ Zaﬁk (ac(1 = xe ) p(x, t))— - Z 2 . (xxip(x, )

kl 1,k#l

- ’i O (Xi (W)(X) - 1/_)()()) p(x, t))] dx .
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From the discrete to the continuous

Imposing At = 72 = N' we have
1 n—1 1 n—1
op = 23 B (kL xdp )~ 5 O By (exiplx. )
k=1 K J=1 kI

Sa, (% (49() = 3(x)) plx, 1))
j=1

We call this equation the replicator-diffusion equation:

n—1
Otp = Z X,XJ IJp Zax,-(QiP) :
i=1

I,J].
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Short-term dvynamics .

The replicator equation appears...

The replicator-diffusion equation is given by
=
Op =3 2_: w (Xk(1 = xi)p(x, £))
—1

Z 2 (x1p(x, 1)) — Zax, (% (¥ (x) = 8(x)) plx, )

k,I=1,k

Mll—l
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The replicator equation appears...
The replicator-diffusion equation is given by

1 12
SO0 =3 Zaﬁk (% (1 = xk)p(x, 1))

n—1

Z 2, (axap(x, t))—fZa (% (49(x) = B(x)) p(x, 1))

k,I=1,k

N —

If we consider strong selection (i) — %) and short times (t — €t) for a
very small ¢ we find
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The replicator equation appears...
The replicator-diffusion equation is given by

1 12
SO0 =3 Zaﬁk (% (1 = xk)p(x, 1))

n—1

Z 2, (axap(x, t))—fZa (% (49(x) = B(x)) p(x, 1))

k,I=1,k

N —

If we consider strong selection (i) — %) and short times (t — €t) for a
very small ¢ we find fore — 0

009 =~ 5, (5 (690 — F) . 1)
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The replicator equation appears...

The replicator-diffusion equation is given by
1 =
gatP =5 Za’%k (% (1 = xx)p(x, 1))

"2 2 Gl t))—fZa (b5 (2960~ 5)) . 0)

k,I=1,k

N —

If we consider strong selection (¢ — =) and short times (t — ct) for a

very small ¢ we find fore — 0
n—1 ) _
0ep ==Y 0 (x5 (V0) - 8(x)) plx, 1))
j=1

This equation is equivalent to the replicator dynamics.
|
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Mixed states fade away...

Theorem

Let p be the solution of replicator-diffusion equation. Then,

p>° :=lim¢_00 p(-, t), is a linear combination of Dirac-deltas supported at
the vertexes of the simplex.
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Mixed states fade away...

Theorem

Let p be the solution of replicator-diffusion equation. Then,
p>° :=lim¢_00 p(-, t), is a linear combination of Dirac-deltas supported at
the vertexes of the simplex.

We change variables and re-write the replicator-diffusion equation as

Oru = lV- [w <1DVU — Bu)} ,
w 2

where u = e 9p/X, w=e?/X, with A\ = x;x3 - - x, and V6@ and B are
associated to the Hodges decomposition of the drift part.
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Mixed states fade away...

Let p be the solution of replicator-diffusion equation. Then,
p>° :=lim¢_00 p(-, t), is a linear combination of Dirac-deltas supported at
the vertexes of the simplex.

We change variables and re-write the replicator-diffusion equation as

Oru = lV . [w <1DVU — Buﬂ ,
w 2

where u = e 9p/X, w=e?/X, with A\ = x;x3 - - x, and V6@ and B are
associated to the Hodges decomposition of the drift part.  This operator
is negative-definite and there exists a > 0, such that

1 1
28t/u2de:/ V- [w <2DVUBU)] udV < a/ vwdV.
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Mixed states fade away...

Then
/p2e_9/\dx = / vwdx 2500 ,
and, together with the conservation laws 9; [ ¢ipdx =0, i =1,...,n we

have that p concentrates on the zeros of ), i.e., the boundary of the
simplex.
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Mixed states fade away...

Then
/p2e_9/\dx = / vwdx 2500 ,

and, together with the conservation laws 9; [ ¢ipdx =0, i =1,...,n we
have that p concentrates on the zeros of ), i.e., the boundary of the
simplex. This is interpreted as the extinction of one type. We iterate this
reasoning n — 1 times and conclude that all but one type will be extinct,
i.e., p concentrates on the vertexes of the simplex.

Discrete and Continuous Models |



Mixed states fade away...

Then
/p2e_9)\dx = / vwdx 2500 ,

and, together with the conservation laws 9; [ ¢ipdx =0, i =1,...,n we
have that p concentrates on the zeros of ), i.e., the boundary of the
simplex. This is interpreted as the extinction of one type. We iterate this
reasoning n — 1 times and conclude that all but one type will be extinct,
i.e., p concentrates on the vertexes of the simplex. Thus, we postulate
that the final state is given by

pOO = Z CV6V )
vev
where V is the set of all vertexes of the simplex S”.
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The replicator equation appears...

Theorem

Let py be the solution of the replicator-diffusion equation, with ¢ = 0 and
let p. be a solution to replicator-diffusion equation, with ¢ > 0. Then,
there exits a C such that, for 7 < C, we have

||P5(',7_) - pO('aT)HOO < Ce.

Thus py is the leading order asymptotic approximation to p., for t < eC.
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The replicator equation appears...

Let py be the solution of the replicator-diffusion equation, with ¢ = 0 and
let p. be a solution to replicator-diffusion equation, with ¢ > 0. Then,
there exits a C such that, for 7 < C, we have

||P5(',7_) - pO('aT)HOO < Ce.

Thus py is the leading order asymptotic approximation to p., for t < eC.

Define w. = p. — pg, and

0w, = Z 81] DI_/WE) - Zax, Q Wa Z 8><,><, uPo , Wa|t=0 =0

ij=1 ij=1
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General fitness function and n types

The dual of the replicator-diffusion equation generalizes the Kimura
equation for n types and general fitness:

n—1 n—1 n—1

1 R -
O f = ;;Xk(l = xk)0f = 5 > xxadpf+> % (¢U)(X) - ¢(X)) o;f

k,1=1;kz1 j=1
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General fitness function and n types

The dual of the replicator-diffusion equation generalizes the Kimura
equation for n types and general fitness:

n—1 n—1 n—1

1 R -
O f = ;;Xk(l = xk)0f = 5 > xxadpf+> % (1/)0)0() - 7ﬂ(x)) o;f

= k,I=1;k#l j=1

The function f gives the fixation probability of a given type. The precise
type will be fixed by the boundary conditions imposed to f.
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Generalizing Kimura Equation

General fitness function and n types

For example, let us consider f as the final fixation probability of type 3 in
the Rock-Scissor-Paper game.
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General fitness function and n types

For example, let us consider f as the final fixation probability of type 3 in
the Rock-Scissor-Paper game.

Then, f is the solution of the generalized Kimura equation in the simplex
with boundary conditions given by:
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General fitness function and n types

For example, let us consider f as the final fixation probability of type 3 in
the Rock-Scissor-Paper game.

Then, f is the solution of the generalized Kimura equation in the simplex
with boundary conditions given by:

© f =0 on the face opposed to the vertex representing type 3;

© On the faces 1-3 and 2-3 f is the solution of the generalized Kimura
equation with boundary conditions given by

o flz=1,
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General fitness function and n types

For example, let us consider f as the final fixation probability of type 3 in
the Rock-Scissor-Paper game.

Then, f is the solution of the generalized Kimura equation in the simplex
with boundary conditions given by:

© f =0 on the face opposed to the vertex representing type 3;
© On the faces 1-3 and 2-3 f is the solution of the generalized Kimura
equation with boundary conditions given by
o flz=1,
0 fli2=0.
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General fitness function and n types

Fixation probability of a Paper in the Rock-Scissor-Paper game.
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@ We constructed a degenerated parabolic partial differential equation
that works as an approximation of the discrete Wright-Fisher
processes. This PDE is such that
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o the conservation laws from the discrete dynamics guarantee the
uniqueness of solution;
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@ We constructed a degenerated parabolic partial differential equation
that works as an approximation of the discrete Wright-Fisher
processes. This PDE is such that

o it is defined in the simplex;

o it does not need boundary conditions;

o the conservation laws from the discrete dynamics guarantee the
uniqueness of solution;

e the initial dynamics is given by the replicator dynamics;

o the final state is a superposition of Dirac deltas at the vertexes of the
simplex;

o these Dirac deltas are generated in finite time (in fact, at t = 07!);

o the associated hyperbolic equation (limit of no diffusion) is more
regular than the parabolic equation.
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@ We constructed a degenerated parabolic partial differential equation
that works as an approximation of the discrete Wright-Fisher
processes. This PDE is such that

o it is defined in the simplex;

o it does not need boundary conditions;

o the conservation laws from the discrete dynamics guarantee the
uniqueness of solution;

e the initial dynamics is given by the replicator dynamics;

o the final state is a superposition of Dirac deltas at the vertexes of the
simplex;

o these Dirac deltas are generated in finite time (in fact, at t = 07!);

o the associated hyperbolic equation (limit of no diffusion) is more

regular than the parabolic equation.
THE END
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